We systematically study all supersymmetric solutions of six-dimensional (2, 0) supergravity with a null isometry. In particular, every such solution with at least four real supersymmetries is also a supersymmetric solution of a (1, 0) theory preserving the same absolute amount of supersymmetry. This implies that no genuinely new solutions of this type can be found in this framework. The microstate geometries associated to supersymmetric black holes within Mathur's proposal are generically supersymmetric solutions of six-dimensional supergravity. A direct consequence of our result is that supersymmetric microstate geometries of single centre supersymmetric black holes should carry only one compact 3-cycle.
Introduction
One of the most fascinating problems in quantum gravity is the black hole information paradox [1, 2] . In string theory the Bekenstein-Hawking entropy is understood to be associated with an exponentially large number of states which can be interpreted as string excitations with D-brane boundary conditions in a weakly coupled regime [3] . This, by itself, does not yet provide a resolution of the paradox. Nevertheless, there are indications that in string theory the physics at the horizon scale may be sufficiently modified by quantum effects to resolve the paradox [4] [5] [6] [7] [8] [9] .
Mathur proposed that the exponentially large number of accessible quantum states allows for non-negligible quantum effects, despite the fact that the Riemann tensor measured in Planck units is very small in the vicinity of the horizon of a large black hole [2] . He furthermore proposes that one may be able to test this hypothesis semi-classically in some regime of superstring theory [4, 10] .
For a classical globally hyperbolic solution in supergravity, one may consider that there exists a quantum gravity state that is well approximated on a Cauchy surface Σ by a Dirac distribution type wave functional, peaked on the pullback of this classical solution onto the Cauchy surface. When quantum effects are negligible, the evolution of such a state should be such that it is defined by the time evolution of the classical solution itself, so that in particular, a stationary solution would correspond to a stationary state. This picture cannot be directly applied to a black hole, which is not globally hyperbolic by essence. But a slight generalisation of the same picture is to consider instead a quantum state that is a linear superposition of microstates which would themselves be such Dirac distribution type wave functionals peaked on slices of globally hyperbolic solutions. From this point of view, a black hole would be in a quantum superposition of a very large number of microstates which could individually be described semi-classically as peaked distributions on classical smooth globally hyperbolic solutions. The microstate geometries associated to a given black hole are constrained to have the same asymptotic charges as the black hole solution.
If one could define the whole set of microstate geometries associated to a given black hole, one could in principle compute any observable of the black hole as a quantum average over some distribution of the same amplitude computed in the background of each microstate separately. For example, one would expect that the gravitational attraction of a microstate geometry does not necessarily capture a test particle for generic incoming boundary conditions [11] . The black hole, on the other hand, captures the test particle if the impact parameter is small enough. The average of the evolution over a large enough set of microstate geometries should therefore reproduce the capture for a small enough impact parameter. Ideally, all classical observables computed in the microstate geometry should reproduce, after average, the observables computed in the black hole background to an excellent approximation.
However, it is not clear that one can construct a complete basis of microstates as such peaked distribution on microstates geometry. And even if this were possible, one may wonder if the typical solutions do not involve arbitrary small cycles such that one could not simply use them as classical backgrounds without neglecting quantum corrections. For this purpose it was suggested in [9] to distinguish between microstate geometries, that are differentiable manifolds with an everywhere small Riemann tensor in Planck units, from microstate solutions, that possibly involve mild singularities which can be resolved in perturbative string theory, like orbifold singularities, and a bounded Riemann tensor, but not necessarily small in Planck units. For microstate geometries one can use supergravity as an effective theory, while for microstate solutions one needs to take string theory corrections into account. They also propose a third class, the fuzz-balls, that would be genuinely non-perturbative string theory quantum states for which there is no supergravity approximation. A large class of these geometries has been built explicitly. One can distinguish two main types of solutions. Firstly, the multi-bubble solutions that are regular in five dimensions and usually involve several cycles [5, [12] [13] [14] [15] [16] [17] [18] [19] , and secondly, the supertube solutions that usually only involve one cycle and are regular in six dimensions [20] [21] [22] [23] [24] [25] . Both types can also be combined, but this has not been done explicitly for the co-dimension one generic solutions [22] [23] [24] [25] , which are called superstrata. One may also consider solutions that are only smooth locally, but for which the patching between open sets would involve U-duality transformations [26] [27] [28] [29] .
The original supertube solutions are microstate geometries describing small black holes that have a vanishing horizon in classical supergravity. It has been exhibited that their typical microstates solutions involve arbitrarily small cycles for which one cannot trust the supergravity approximation [30] [31] [32] [33] [34] . One may wonder if the same problem occurs for three-charge black hole that carry a microscopic horizon, but one may hope that arbitrarily small cycles are only required when the horizon itself is small in string scale units.
For a given black hole, a microstate geometry is defined as a globally hyperbolic smooth solution with the same asymptotic charges as the black hole. One should in principle wonder about the uniqueness of the black hole solution. For a non-extremal asymptotically Minkowski black hole in four dimensions, the solution is uniquely determined by its total mass, angular momentum and electromagnetic charges. But for BPS black holes one must distinguish a single centre black hole with a unique horizon from bound states of black holes that carry the same electromagnetic charges and total energy [35] . The situation is even more complicated for black holes in five dimensions, because there the horizon can admit different topologies [36, 37] , and black objects can also be surrounded by topological cycles carrying flux [38] . In four dimensions a BPS black hole has no angular momentum, so a microstate geometry associated to the black hole should have no angular momentum either, or at least one should find that the angular momentum vanishes in average on the set of microstate geometries. But there are also multi-centre black hole bound states without angular momentum, and one must distinguish their microstate geometries. Such black hole bound states have the property that they do not exist for arbitrary asymptotic values of the scalar fields. Therefore, the microstate geometries associated to the single-centre black hole can be distinguished by the requirement that they exist everywhere in moduli space.
For a supersymmetric black hole, which type of microstate geometries preserving the same supersymmetry exist at generic values of the moduli? This is the question we shall investigate in this paper. For this purpose we consider the effective supergravity description for type IIB string theory on T 4 or K3, which is a supergravity theory in six spacetime dimensions of type (2,2) or (2,0) respectively. In the maximal case, we shall only consider the maximal (2,0) truncation, disregarding the vector fields. For a four-dimensional supersymmetric black hole, the microstate geometries are asymptotically four-dimensional Minkowski space times two circles fibred over the Minkowski base. The electromagnetic charges of the four-dimensional black hole originate geometrically from the momentum along the two circles and their fibration over the base, as well as from the 3-form fluxes of the six-dimensional 3-form field strengths. The 3-form fluxes are supported by 3-cycles of the Euclidean base space of the microstate geometry, and in string theory each individual flux is constrained to belong to an even-selfdual lattice. We shall find that the solutions only exist for generic values of the asymptotic scalar fields if all the fluxes associated to the different 3-cycle are proportional to each other, and therefore rational multiples of the total flux associated to the black hole. This seems to mean that the superstratum microstate geometries found in [22] [23] [24] [25] indeed describe black holes, while the multi-bubble type microstate geometries would rather correspond to bound states of black holes. Multi-bubble geometries always involve more than one cycle with linearly independent fluxes and therefore do not exist everywhere in moduli space.
Supersymmetric solutions of supergravity theories have been characterized for the first time in [39] following results of [40] for the case of pure N = 2, d = 4 supergravity by assuming the existence of a Killing spinor and constructing bosonic objects from its bilinears. In six dimensions this method was first applied in [41] on pure (1, 0) supergravity, not coupled to any matter multiplets. This work was later extended to Fayet-Iliopoulos-gauged supergravity with vector multiplets and one tensor multiplet in [42] , to ungauged supergravity with an arbitrary number of tensor multiplets in [43] and finally to ungauged supergravity with vector, tensor as well as hypermultiplets in [44] . It was discovered in [45] that the underlying equations of these solutions exhibit a linear structure, and specific solutions have been constructed in [22, 25, [46] [47] [48] [49] [50] [51] . For the six-dimensional (2, 0) theories, on the other hand, so far only maximally supersymmetric solutions have been classified [52] , see also [53] .
It is one of the aims of this paper to fill this gap and to classify supersymmetric solutions of six-dimensional (2, 0) supergravity coupled to an arbitrary number of tensor multiplets. Notice, that this theory does not allow for any gaugings or massive deformations [54] . In particular the former can easily be seen from the absence of any vector fields. Therefore, this is already the most general (2, 0) theory. Supersymmetric solutions of supergravity theories admit at least one isometry. The associated Killing vector field V can be obtained as a bilinear of the Killing spinor ǫ, i.e. V µ =ǭγ µ ǫ. In the case at hand this isometry can be either time-like or null, corresponding to V · V > 0 or V · V = 0. Black hole solutions in five or four dimensions uplift to supersymmetric solutions in six dimensions with a null isometry. Therefore, it is the second case of a null (i.e. light-like) isometry that is relevant to microstate geometries, and hence this is the case we discuss in this paper. Here, we find that every supersymmetric solution with four preserved supercharges (of the type allowing for a black hole solution) is at the same time always also a supersymmetric solution of a (1, 0) theory, preserving the same absolute amount of supersymmetry. Hence, it will not be possible to find any genuinely new solutions with the same asymptotic metric as a supersymmetric black hole. This paper is organized as follows. In Section 2 we review (2, 0) supergravity in six dimensions. In Section 3 we study its supersymmetric solutions and show that all solutions with a null isometry are equivalent to solutions of a (1, 0) theory. Section 4 discusses some implications on the construction of microstate geometries. In Section 5 we finally show that at a generic point in moduli space every solution has parallel fluxes.
2 Six-dimensional (2, 0) supergravity In this section we review the relevant properties of (2, 0) six-dimensional, i.e. chiral (ungauged) half-maximal supergravity, which has been constructed in [55, 56] .
The field content of the theory includes one gravity multiplet coupled to n tensor multiplets, which decompose as
where g µν is the metric and ψ A µ , A = 1, . . . , 4, are symplectic Majorana-Weyl gravitini, transforming in the fundamental representation of the R-symmetry group USp(4). The B I µν , I = 1, . . . , 5 + n, are chiral tensor fields and transform as a vector under the global symmetry group SO(5, n). Their field strengths G I = dB I satisfy a twisted selfduality equation that we shall display shortly. The spin-1/2 fermions χ Ar , r = 1, . . . , n, are in the fundamental representation of USp(4) as well as of SO(n). All fermions in the theory are chiral, we have
The tensor multiplets include 5n scalar fields that parametrize the coset manifold
through a coset representative in SO(5, n),
The coset representative satisfies
where η IJ is a metric of signature (5, n). After introducing
the twisted selfduality equation for the tensor fields reads
This supergravity theory describes the low energy effective theory of a type IIB superstring theory for n = 5 and n = 21. Type IIB string theory on a torus T 4 , preserves all supersymmetries and gives rise to (2, 2) supergravity in six dimensions. By removing the two gravitini multiplets which include the 16 vector fields one obtains a truncation to (2, 0) supergravity coupled to 5 tensor multiplets. The corresponding SO(5, 5) metric is then the metric of the even selfdual lattice II 5,5 with split signature
The other possibility is type IIB string theory on K3, in which case the effective low energy theory is (2, 0) supergravity with 21 tensor multiplets and the SO(5, 21) metric is the one of the unique even selfdual lattice of signature (5, 19) , 9) with k the metric of the E 8 ⊕ E 8 root lattice, i.e. its Cartan matrix.
Using the gamma matrices of Spin(5) ∼ = USp(4) one can express the components V a I as a symplectic traceless antisymmetric tensor of USp (4) with
where ω AB is the symplectic matrix with the conventions displayed in (A.3). The relation (2.5) then becomes 11) where the USp(4) indices are raised and lowered using the symplectic matrix ω AB according to (A.2). One decomposes the Maurer-Cartan form dVV −1 into its usp(4) component
where we use η IJ to raise and lower global SO(5, n) indices, e.g.
and therefore
The field strength corresponding to the connection (Q µ ) A B can be expressed in terms of
The bosonic equations of motion of the theory are given by
18)
The last equation is a direct consequence of the twisted selfduality equation and the Bianchi identity for the tensor fields. In practice, we shall mostly use the dressed (anti) selfdual three-form field strengths G AB = V AB I G I and G r = V r I G I which transform respectively as a vector under the compact R-symmetry group USp(4) and as a vector of the flavour symmetry group SO(n). They satisfy the Bianchi identities
We finally need to give the supersymmetry transformations of the fermionic fields. Under a local supersymmetry transformation the gravitini vary as
The supersymmetry variation of the tensorini reads
Notice that ǫ A inherits the chirality of the gravitini, i.e. γ 7 ǫ A = −ǫ A .
Supersymmetric solutions
In this section we discuss necessary and sufficient conditions for the existence of a supersymmetric solution. Here we follow the approach of [41] [42] [43] [44] on the classification of supersymmetric solutions of six-dimensional (1, 0) supergravity.
Assuming that there is at least one spinor ǫ A solving δψ A µ = δχ Ar = 0, one can construct the following bi-linears
Here, we have splitǭ A γ µ ǫ B into irreducible representations of USp(4),
i.e. it decomposes into a singlet and a vector of SO(5) ∼ = USp(4)/Z 2 , whereas
transforms in the adjoint representation. Notice that all combinations of even rank vanish identically due to the chirality of ǫ A .
Algebraic constraints
Similarly to [41] one can use Fierz identities to show that
The reality condition on the spinor ǫ
with the symplectic form ω αβ invariant under USp(4) ⊂ SU * (4) ∼ = Spin(1, 5), implies that ǫ as a non-zero four by four complex matrix must be of rank 2 or rank 4, because two of its eigenvalues are the complex conjugates of the two others. We are going to see that a rank 4 ǫ is associated to supersymmetric solutions with a time-like isometry whereas a rank 2 ǫ is associated to supersymmetric solutions with a light-like isometry. Note that for a non-zero spinor ǫ A , V µ and V µ AB are both necessarily non-zero. From the supersymmetry variation of the gravitini (2.21) one obtains that
This Killing vector is time-like if ǫ is of rank 4, in which case V and V a define an orthogonal frame with V · V > 0 and
with ǫ defining the identification of the internal USp(4) with the spin group. On the other hand, if ǫ is of rank 2, (3.5) implies that V · V = 0. In this case V and V a are all orthogonal light-like vectors and are therefore parallel. One can then introduce a spacetime scalar function v AB (x µ ) such that
In this paper we are interested in solutions generalizing already known solutions of the (1, 0) truncation in which the Killing vector is necessarily of null type. We shall therefore disregard the possibility of a time-like Killing vector and will concentrate on the null type in the remainder.
It will prove convenient to introduce
Moreover, since ǫ is of rank 2, one has the additional Fierz identity 3ǫ
which implies after contraction with ω BC that (ǫ A − u B A ǫ B )V µ = 0 and hence
Applying this result on the definition of u AB shows that 13) which means that the matrix u A B is a rank 2 projector. In particular
so that v a is a norm 2 vector. One can also use the Fierz identity
The Fierz identitȳ
implies in the rank 2 case that
Moreover, from the rank 2 projection (3.12) it follows that 20) so that the symmetric tensor Ω AB admits only three independent components along the two dimensional subspace defined by the projection u B A .
Denoting the 1-form dual to V by e + , i.e. e + = V µ dx µ , one can always find a 1-form e − dual to V µ , satisfying e − (V ) = 1, such that the space-time metric decomposes as
where e i , i = 1, . . . , 4, is an orthonormal frame of the four-dimensional space orthogonal to e + and e − . The orientation is fixed by ε
Finally, we also want to express the three-forms Ω AB in this basis. Using the property (3.19) as well as their selfduality this decomposition reads
where
AB ij e i ∧ e j are anti-selfdual two-forms with respect to the metric on the four-dimensional base space. Using the Fierz identitȳ
and contracting it with e + µ e i ν e + σ e j ρ one obtains the identity
It follows that I AB define an almost hyper-complex structure, i.e. a triplet of almost complex structures satisfying the quaternion algebra. In a basis in which u 12 = 1 is the only non-zero component, the triplet is defined as 1 4
In particular, the I AB define a complete basis of anti-selfdual forms and
There is another useful Fierz identity
that allows to show that for the rank 2 spinor (3.27) so that the complex structures I AB rotate the spinor in the representation of SU (2) ⊂ USp(4). Using the relation {γ µν , γ
with indices in the R 4 basis one obtains
which acting on ǫ A , gives
It follows that
To summarise this section, we note that the projection (3.12) halves the number of spinors to those of a (1, 0) theory. The additional projection (3.16) further reduces the number of supersymmetries by a half, corresponding to 1/4 BPS in the (2, 0) theory (i.e. 1/2 BPS in the (1, 0) truncation). The last constraint (3.31), instead, is only satisfied for a single spinor. Therefore, we see already from the structure of the projectors that a consistent truncation to (1, 0) supergravity emerges naturally. However, this analysis is clearly not enough to guaranty that our solution is also a solution of (1, 0) supergravity. It will moreover be necessary that the projection matrix u A B is constant and also that all fields corresponding to (1, 0) gravitini multiplets and (non-factorised) hyper-multiplets, notably some components of G AB and P AB r , get consistently projected, too. We shall prove in the following that this is indeed the case if the solution admits four Killing spinors satisfying the same conditions (3.12) and (3.16).
Constraints from the Killing spinor equations Gravitini variation
Let us first notice that the supersymmetry variation of the gravitini (2.21) implies
µij is selfdual as a two-form on the base space, see (A.13). Consequently, we also have
More generally, we obtain from the gravitini variation that
To proceed, we split G AB into its component parallel and orthogonal to v AB , 36) which means that V µ is a Killing vector and
Furthermore, if we denote the spin-connection by ω, (3.36) implies that
On the other hand, the part of (3.34) orthogonal to v AB reads
This allows us to express the derivatives of the projector u AB in terms ofG AB , in components we find 40) where the last equation is obtained by exploiting the (anti-)selfduality ofG AB and I AB . On the other hand, it also follows from (3.39) that
and hence
Moreover, the selfduality ofG AB and Ω AB implies that 43) and therefore with the previous result we havẽ 44) and by selfduality alsoG
In a similar fashion we obtain from the Killing spinor equation that 45) which implies that
From (3.45) we also find
From the first equation in (3.47) we can compute
We now use (3.24) to infer that 49) which is in contradiction with (3.40) and hence
Moreover, using this result in (3.40) gives 0 =G
and since the second term vanishes due to (3.48) we obtaiñ
In summary, we found that
Note also that for a normalised
for v AB 0
constant. We can now use the local USp(4) invariance of the theory to transform all fields by Λ −1 . Hence, it is always possible to choose a USp(4) frame in which
In particular, by means of (3.53) in this frame the USp(4) connection Q A B defined in (2.12)
Let us finally give the general form of G. (3.38) fixes already all its components expect for G +ij . To determine also these remaining components we write (3.47) as
Using (3.24) and (3.25) this can be solved for G µij , 58) where the superscript − denotes the anti-selfdual part in the indices ij as a two-form on the base-space.
To write the solution more explicitly, it is convenient to introduce local coordinates (v, u, x m ), m = 1, . . . , 4 with v the coordinate associate to the null Killing isometry V = ∂ v , u the conjugate coordinate and x m local coordinates on the four-dimensional base space such that δ ij e i e j = f −1 γ mn dx m dx n . The general ansatz for the metric with V a null vector is then [41] 
Here, γ mn is the (possibly ambipolar) metric on the four-dimensional base-space, f and H are some functions and β = β m dx m and ω = ω m dx m are one-forms on the base space. In general, all these objects depend on u and x m but not on v. Thus, the null vielbein introduced in (3.21) reads
m is a vielbein of γ mn . With these definitions it is convenient to introduce the exterior derivative on the four-dimensional base spaced = dx m ∂ m and the derivative D =d − β∂ u , as well as the Hodge star operator of the four-dimensional base space⋆, defined with respect to the metric γ mn . Moreover, one can define a natural almost hyperKähler structure with respect to γ mn by introducing 
where ψ is an anti-selfdual two-form on the base, defined by
These results show for the gravitational multiplet sector that every supersymmetric configuration is at the same time also a supersymmetric configuration of a (1, 0) theory, in the sense that the tensor fields of the gravitino multiplets vanish. While G corresponds to the selfdual three-form in the (1, 0) gravity multiplet, the remaining four componentsG AB , which would be part of a (1, 0) gravitino multiplet, are consistently projected out.
Tensorini variation
We now carry over with the analysis of the tensor multiplet sector. Contracting the spin-1/2 variation (2.22) withǭ B yields
Both terms transform in different representations of USp (4) and therefore must vanish independently,
On the other hand, contracting (2.22) withǭ B γ µν gives
As before for G AB , we split P AB r according to v AB P AB r . The symplectic trace of (3.66) and its component parallel to
Therefore, G r takes the general form
where F r (+) are arbitrary selfdual two-forms on the four-dimensional base space, see also (A.10). From the part of (3.66) which is orthogonal to v AB we infer that
Let us finally notice that there is an integrability condition on (3.53) which reads
Number of independent Killing spinors
In the previous section we have determined necessary conditions for the existence of a supersymmetric configuration of (2, 0) supergravity with a null isometry. In particular, they resemble very closely the conditions for a supersymmetric configuration of (1, 0) theories. It remains to verify that these conditions are also sufficient. In the following we consider spinors ǫ A satisfying the conditions (3.12) and (3.16), each reducing the number of supersymmetries by a factor of 1/2, such that only four of the original sixteen supercharges are preserved. The presence of hypermultiplet scalarsP AB r will require another constraint on ǫ A .
To determine if the previously determined conditions on P AB r and G r are sufficient for the existence of a solution of δχ = 0 we insert (3.69) back into (2.22). Using (3.16) and (3.65) this gives
For a single supersymmetry parameter, ǫ A satisfies 
Following [41, 42] , this equation can be written as
and using (3.12) and (3.38) it becomes
To proceed, we use (3.58) and obtain
As for the (1, 0) theory [41] , the solution to (3.24) can always be chosen up to an SU(2) ⊂ SO(4) local transformation on the frame e i such that the I
AB ij
are canonical constant coefficients, so that ∂ µ I AB ij = 0, and one gets
Once again this is automatically integrable in the two extreme cases discussed above. Either one has only one supercharge satisfying (3.27), and after choosing a USp(4) gauge such that (3.55) one obtains that this equation reduces to ∂ µ ǫ A = 0. If we have instead four independent supercharges, thenP AB i = 0 and thus (2.16) and (3.71) imply
Consequently, we can find a USp(4) gauge such that Q B A = 0 and obtain ∂ µ ǫ A = 0 again. For the intermediary case with two or three Killing spinors one will get further constraints on Q B A .
Equations of motion
Let us finally discuss the equations of motion and inspect under which conditions a supersymmetric configuration, such that the supersymmetry variations of the fermionic fields vanish, is also a solution of the equations of motion. It was found in [41] [42] [43] [44] that a supersymmetric configuration of a (1, 0) theory is automatically also a solution of its equations of motion if moreover the three-form Bianchi identities are satisfied, as well as the ++ component of the Einstein equations. All remaining equations of motion are already implied by the Killing spinor equations. As we show in Appendix B the same holds true for the (2, 0) theories. Under the previously determined conditions, the Einstein equations (2.17) reduce to
while the scalar equations of motion (2.18) split into These equations resemble closely the corresponding equations of (1, 0) supergravity with an additional constraint (3.83) that would trivially be satisfied in (1, 0) supergravity. However, P r and P AB r are still momenta of the full coset space SO(5, n)/(SO(5) × SO(n)), and we must explicitly decompose this coset space into a tensor multiplet moduli space SO(1, n T )/SO(n T ) and a quaternionic Kähler coset space SO(4, n H )/(SO(4) × SO(n H )) in order to understand the solution in (1, 0) supergravity.
To proceed, we make use of the fact one can always write the coset representative V as V = V T V H , with V T ∈ SO(1, n) and V H ∈ SO(4, n) . while V T has only SO(5) × SO(n) indices, so its components are given by
The underlined indices are associated to the ambiguity in the split of V, which we fix partially by imposing the following conditions on V T and V H . According to the previously introduced notation we take the USp(4) frame in which v AB is constant and decompose V T as
with
where the components of ω AB and v AB are the same as those of ω AB and v AB , and we only keep the underlined indices to recall that they are associated to the spurious SO(5) × SO(n) that we have introduced in the splitting (3.84). The remaining components of V T satisfy
while V T r s is unconstrained. Notice, that V T ∈ SO(1, n) implies such that v I is a constant SO(5, n) vector of norm 2. In particular, this decomposition implies
Notice, that V H and V T are defined only up to an arbitrary local SO(n) transformation acting on the underlined indices.
Following this decomposition, we can now compute 
which we shall abbreviate as Q HA B , while the SO(n) part of the connection reads
For P AB r , on the other hand, we find
One can show that (3.97) and (3.98) together with (3.94) satisfy (3.71). Moreover, we find and indeed describes (1, 0) hypermultiplet scalar fields parametrising the quaternionic Kähler manifold SO(4, n)/(SO(4) × SO(n)). However, due to the mixing with Q H in (3.97), P r does not directly correspond to scalars on a coset space of the form SO(1, n)/SO(n). In particular the first equation of (3.81) depends non-trivially on both V T and V H , which is not the case in a genuine (1, 0) theory. Instead, the scalar geometry is described by a fibration of SO(1, n)/SO(n) over SO(4, n)/(SO(4) × SO(n)).
To continue the discussion of the tensor multiplet sector, let us furthermore rewrite the constraintG AB = 0 asG
It follows using (3.92) that 
By construction we have
and hence we would like to identify (V TI , V T r I ) with the tensor multiplet coset representative. However, this would require P This will be true if we suppose the additional constraint
which is together with (3.94) equivalent to
This conditions implies that the tensor and the hypermultiplets are locally defined in orthogonal subspaces. In particular, one obtains then that they decouple and P r = P 
Therefore, under the assumption that (3.110) is satisfied, we can indeed identify (V TI , V T r I ) with the tensor multiplet coset representative. It is then convenient to introduce
and the Einstein equations take the form
We have thus shown that (3.110) is a sufficient condition for a supersymmetric solution of (2, 0) supergravity to satisfy the equations of motions of (1, 0) supergravity.
We shall see in the next section that in the special case ofP AB r i = 0, i.e. when the hypermultiplets only depend on the coordinate u, one can choose a gauge in which (3.110) is indeed satisfied. This is also the case if the the moduli space factorises completely, i.e. if 
Solutions with four supercharges
We found in Section 3.3 that a generic solution with a light-like isometry preserves only one supersymmetry. In the following, let us however focus on solutions preserving four independent supersymmetries, i.e. 1/4 BPS solutions, which are only constrained by (3.12) and (3.16) . From the discussion of the tensorini variation we know that in this casẽ . This component of P AB r is projected out of (2.22) by (3.16) and is therefore unconstraint by the supersymmetry variations. Notice that (3.118) is equivalent to P AB r H i = 0 according to (3.98) . Moreover, as discussed at the end of Section 3.3, (3.118) implies that Q A B is locally pure gauge and hence can be chosen to vanish.
However, there is an integrability condition on (3.118) that can be used to further constrainP where e i + Q i is the vector field e i acting as a Lie derivative plus the USp(4) connection along e i . Firstly, we notice that (3.118) implies
Moreover, the commutator between two frame vector fields e i µ can be expressed in terms of the spin-connection ω, so (3.120) reduces to
Hence,P AB r + can only be non-trivial if ω ij + = 0.
For the general supersymmetric metric (3.59) this component of the spin-connection reads [41] 
where (Dβ) ij was introduced below (3.59). f −1 γ ij is a regular metric on the base space, and the function f can only vanish on measure zero surfaces interpreted as evanescent ergosurfaces [57] . The condition ω ij + = 0 therefore requires Dβ = 0 by continuity. One can interpret β(x, u) as a connection over the four-dimensional base of a Virasoro group acting on the circle parametrized by u. Dβ is then its field strength and for Dβ = 0, β is a flat connexion which is locally pure gauge and can be written as
Thus, such a flat connection β can always be reabsorbed by a change of coordinate u → u − α(x, u) and a redefinition of the function f .
To summarize, we can distinguish two branches of solutions. The first is characterised by Dβ = 0 which in turn enforcesP and is identically satisfied.
Let us finally discuss the implications of (3.118) on the split of the coset representative (3.84). In particular, since V T r s is an invertible matrix, we find from (3.98) that P Consequently, the curvature of Q H vanishes and we can choose a gauge such that
and in which V H is a function of u only. This condition implies (3.110), therefore, according to the discussion of the preceding section, every solution with four supercharges is a solution of a (1, 0) theory, where the hypermultiplet scalars are arbitrary functions of u, satisfying pointwise the algebraic constraints (3.94) and (3.101).
Microstate geometries
Let us now come back to the discussion of microstate geometries and their dependence on the moduli parametrizing SO(5, n)/(SO(5) × SO(n)), for n = 5 or 21. It is convenient for the microstate geometry interpretation to write the metric (3.59) as
such that one can identify u as the coordinate of a circle fibered over a five-dimensional pseudo-Riemannian spacetime. The microstate geometry generically depends non-trivially on the circle coordinate u, but asymptotically the leading contributions to the metric are constant on the circle, and the metric approaches the one of a black hole solution for which ∂ u is an isometry. The metric field (4.1) of the black hole solution can therefore be decomposed into an additional dilaton R y = f H, a vector field A 3 = β − H −1 (dv + ω), and the Einstein frame metric of the five-dimensional spacetime
For a five-dimensional black hole one takes the asymptotic value of
to be one. The isometry coordinate v can then be interpreted as the asymptotic time coordinate t of the black hole solution. The typical example is the D1-D5-P BMPV black hole [58] with
and ω a harmonic 1-form on R 4 with anti-selfdual exterior derivative,
which carries the selfdual angular momentum J + mn . The microstate geometries associated to such a five-dimensional black hole admit the same asymptotic fall-off for the gauge fields and the metric, and in particular γ mn is asymptotically Euclidean.
The most important example of a microstate geometry is probably the superstratum solution [21, 22, 25, 59] . This class of solutions is a deformation of a supertube solution with a circular profile [10] . The supertube solution is defined for a general closed parametric curve f m (s) in R 4 such that 5) with the identification of the coordinates as v = t and u = y + t, which defines t as a time coordinate in six dimensions. 3 The identification of either u or y as the periodic coordinate along which both the D1 and the D5 branes are wrapped is consistent since a v-independent function that is periodic in u → u+2πR y is also periodic in y → y +2πR y . The superstratum solutions are obtained by solving the system iteratively when the functions Z I are deformed by functions of u and x m , starting from a set of selfdual forms Θ I over R 4 depending periodically on u. The function H then becomes non-trivial and reproduces asymptotically the fall-off of the BMPV black hole solution H ∼ 1 + Q 3 |x| 2 + O(|x| −3 ) for some Q 3 determined by the original deformation. The superstratum solutions generally inherit from the supertube the property that both five-dimensional angular momenta do not vanish, and that there is a magnetic dipole associated to β. It has been shown in [25] that the selfdual angular momentum can be pushed below the regularity bound for the black hole solution, whereas the anti-selfdual component is non-zero and therefore necessarily remains over the regularity bound since it must vanish for the black hole solution.
For a four-dimensional black hole one must take the metric γ mn to be asymptotically Taub-NUT, with an additional compact S 1 fibered over R 3 . The equivalent of the superstratum solution has not been constructed explicitly in this case.
For a globally hyperbolic metric, one requires moreover that the isometry coordinate v defines a null foliation of spacetime over a Riemannian base space, such that the 1-form field ω is globally defined over the base space and the pullback metric on a leaf B of the foliation defines the Riemannian metric
In particular f H > 0 and f
Note that this is equivalently a time-like foliation over the same Riemannian base space B after the change of variable u = y + t.
As we have seen in the preceding section, supersymmetric solutions of the (2, 0) theory preserving the same supersymmetry as the BMPV black hole are necessarily solutions in a (1, 0) theory. If Dβ = 0, the hypermultiplet scalar fields must be constant, while if β = 0 they can be arbitrary functions of the coordinate u which do not depend on the four-dimensional base space coordinates x m . However, one may anticipate that this kind of solution with non-trivial hypermultiplet profile cannot lead to a regular microstate geometry since the hyper-multiplet scalar fields are not constant at asymptotic infinity, but oscillate instead along the circle parametrized by the coordinate u. In the absence of hypermultiplets, the system of equations can be solved as in [21, 22, 50] . Here we shall discuss the case β = 0, and for simplicity we shall assume that γ mn does not depend on the coordinate u. Using the property that one can choose a gauge such that the coefficients I AB ij are constants, one concludes directly that the 4-dimensional manifold of metric γ mn is hyper-Kähler.
One can always parametrize the tensor multiplet scalar fields by projective coordinates such that
where η T IJ is the restriction of the even-selfdual metric to the sublattice of signature (1, n T ) with n T ≤ n, introduced in (3.104).
Exploiting the remaining freedom in the definition of Z I , one can always define the scaling factor f such that
Using these definitions, one computes that the coset momentum satisfies
.
Using (3.62) and (3.69), one concludes that in an appropriate gauge, the 2-form fields can be written as
where A I are 1-forms and b I 2-forms on the 4-dimensional base space. The field strength G I are then
12) whereḃ I = ∂ u b I . From the selfduality of Z I G I and the anti-selfduality of (
where one defines for convenience
As in [50] , we further assume that all the Θ I are selfdual, such that one gets
Then the last equation that remains is the Einstein equation along the null coordinate u
where V H AB I only depends on the u coordinate. We therefore retrieve the same system of equation as in [21, 22] However, one can easily convince oneself that there is no regular solution of this kind which is asymptotically
In the asymptotic regionω and η IJ Θ I ∧ Θ J must fall off rapidly, so that∆H is sourced by a non-zero positive function of the coordinate u which is constant in x m . It follows directly that H is singular and that the solution is not a smooth geometry.
Charge quantization
The five-dimensional base space metric (4.6) generically does not admit any isometry. As a Riemannian space, it admits a third homology group H 3 (Z) of compact cycles, and the flux quantization imposes that for any homology cycle Σ ∈ H 3 (Z) one has For a given choice of primitive cycles Σ A ∈ H 3 (Z) such that any Σ = n A (Σ)Σ A for some integers n A (Σ), the solution admits the corresponding set of primitive fluxes
which must individually be quantized in Λ 5,n . There is always at least one cycle at infinity Σ ∞ that defines an S 3 (or more generally a Lens space for a four-dimensional black hole) embedded in the four-dimensional base space parametrized by the coordinates x m . For a five-dimensional black hole solution, this asymptotic S 3 is homotopic to the horizon of the black hole, and
are the NS and RR charges of the black hole in Λ 5,n . The typical example is the D1-D5 system, in which Q = (Q 1 n, Q 5 n) for a primitive vector n ∈ Z 5 that can be chosen to be n = (1, 0, 0, 0, 0) in the appropriate basis. The so-called large black hole, with a macroscopic horizon area, must also include a momentum Q 3 along the circle parametrized by u, which can be interpreted as an electric charge for the vector potential A 3 = β − H −1 (dv + ω) in five dimensions.
In this paper we consider supersymmetric solutions with a null isometry ∂ v . We will now show that the quantization condition implies that, at a generic point in moduli space, all charges Q I A must be proportional to the total charge Q I . For this we use the fact that the equations are invariant under SO(5, n). The stabilizer of the charge Q of a supersymmetric black hole (Q 1 Q 5 > 0) is SO(4, n). We have seen in the previous section that all solutions with the same supersymmetry as the five-dimensional black hole (respectively four-dimensional) can be obtained from solution of a (1, 0) theory with no hypermultiplets. If one starts from a given embedding of the (1, 0) theory in the (2, 0) or (2, 2) theory in which the scalar fields parametrize SO(1, n), one can obtain any values of the asymptotic scalar fields using the property that any element of V ∈ SO(5, n) can be written as V 0 g −1 with V 0 ∈ SO(1, n) the tensor multiplet coset representative and g ∈ SO(4, n) a constant group element. All the fields of the theory are then defined from the (1, 0) solution and the constant group element g. In the notations introduced in Section 3.4, one can define this embedding from the projection η 
In particular, the 3-form field strengths are 5) so that the charges associated to the basis of primitive cycles Σ A are
where Q A0 is valued in the vector space Λ 1,n ⊗R. Notice, that supersymmetry indeed requires the solution to be defined in the (1, 0) truncation. The original solution, however, has no physical significance so one should only quantize Q A and not the original charges Q A0 . To understand the set of charges that is allowed, one must find the intersection of
We shall find that for a generic g this intersection is the one-dimensional lattice of charge vectors proportional to Q.
One considers a solution with total charge Q = (Q 1 n, Q 5 n) for a primitive vector n ∈ Z 5 that could be chosen to be n = (1, 0, 0, 0, 0). One defines the SO(5, 5) element g(u) for a real vector u ∈ R 5 orthogonal to n, 8) such that it stabilizes the charge Q,
The charges Q A0 of the (1, 0) truncation belong to the real extension of the lattice
, where the first factor is parametrized by (q 1 n, q 5 n) ∈ II 1,1 , while one can parametrize the A 4 1 component by a vector (q, −q) with q ∈ Z 4 orthogonal to n. We shall consider q 1 , q 5 and q to be real since they do not define the quantized physical charges. The physical charge is defined after the action of g(u) as
For the resulting charge to be in the lattice Λ 5,5 , one needs that 11) and therefore also u|n| 2 q
If u is generic in R 4 , there is no vector x ∈ Q 4 such that x · u ∈ Q, except x = 0. Thus, if one component of u q
u · q is an integer, then the others cannot be integer unless they all vanish. One finds therefore that the only solution is the trivial one for which q = 0 and Q 5 q 1 = Q 1 q 5 . This means that the lattice of allowed charges is generated by Q/gcd(Q 1 , Q 5 ).
One can similarly find an SO(5, 21) group element g(u, v) stabilizing Q with u ∈ R 5 such that u · n = 0 and v ∈ (E 8 ⊕ E 8 ) ⊗ R, so that
(5.13)
Here k denotes the Killing Cartan form on the root lattice E 8 ⊕ E 8 . One obtains the similar condition that 14) with p ′ ∈ E 8 ⊕ E 8 and q ∈ Z 4 , so that for generic u and v the only allowed solution is q = p = 0. Combining two elements of the form g(u)g ′ (u ′ , v) as defined above, one arrives at the conclusion that the only allowed charges are proportional to the total charge Q/gcd(Q 1 , Q 5 ).
Conclusions
In this paper we studied supersymmetric solutions of (2, 0) supergravity in six dimensions. The spinors are defined in a real R 4×4 vector space inside the C 4×4 tensor product representation of SU * (4) and USp (4) . A Killing spinor is at least rank 2 as such a four by four matrix, and for any given rank 2 spinor one can decompose R 4×4 into four R 2×2 orthogonal components using (3.12) and (3.16). Supersymmetric black hole solutions in R 1,4 × S 1 and R 1,3 × T 2 with four Killing spinors have their four Killing spinors in the same R 2×2 subspace. We proved that all supersymmetric solutions with four Killing spinors of this type are also solutions of a (1, 0) theory with the same preserved supersymmetries.
This result has a direct consequence for the search of microstate geometries within Mathur's proposal. We exhibit that smooth solutions with the same four supersymmetries as BPS black holes are also solutions of a (1, 0) theory with hypermultiplet scalar fields that only depend on the coordinate parametrising the circle at infinity. It follows therefore from the asymptotic behaviour of these solutions that smooth microstate geometries only exist if the hypermultiplet scalar fields are constant. We conclude that all such solutions can be obtained from solutions of standard (1, 0) supergravity involving tensor multiplets only.
The same proof applies to maximal supergravity if one disregards the vector fields. In principle it is possible that solutions involving the vector fields would allow for more general solutions than the ones that can be constructed in a (1, 0) theory. But one does not expect the black hole microstate realisation of supersymmetric D1-D5-P black holes to be qualitatively different on T 4 and on K3, so it is difficult to believe that including the vector fields of (2, 2) supergravity could drastically change the conclusion.
Moreover, we infer from this result that microstate geometries with appropriately quantised fluxes in six dimensions cannot exist at a generic point of the (2, 0) supergravity moduli space unless all the three-form fluxes are proportional to the total flux of the solution. Multi-cycle solutions that define bound states, in the sense that one cannot move the various cycles apart without changing the moduli or the flux they carry, only exist when their fluxes are linearly independent [5, [12] [13] [14] [15] [16] [17] [18] [19] . Supersymmetric solutions where the various cycles can freely be moved in spacetime are understood to describe multi-centre black holes of the Papapetrou-Majumdar type [60, 61] , and are therefore not relevant for microstate geometries of a single black hole solution. Furthermore, single-centre black holes exist everywhere in moduli space [62] , the same must hence be true for their microstate geometries. We conclude therefore that all microstate geometries which are relevant for the description of single-centre black holes can only carry one single cycle.
This therefore rules out the possibility that multi-bubble solutions are admissible black hole microstate geometries. Instead, it suggests that one must concentrate on supertube-like solutions as the superstratum. Our findings are also consistent with previous results on the D1-D5 orbifold conformal field theory, since only supertube-like solutions seem to admit a holographic description within this framework [63] [64] [65] [66] . The chirality projector γ 7 is given by γ 7 = γ 012345 , (A.6) and the supersymmetry parameter ǫ A is anti-chiral,
Hodge duality acts on the γ-matrices as γ µ 1 ...µn = (−1) The general expansion of an (anti-)selfdual three-form G ± = ± ⋆ G ± with respect to the null frame (3.21) reads 
B
± ij e i ∧ e j are (anti-)selfdual two-forms with respect to −δ ij , i.e. ⋆ 4 A ± = ±A ± and C = C i e i .
In the null frame (3.21) we introduce the four-dimensional chirality matrix: 
